Abstract. We systematically study the moduli theory of singular symplectic varieties which have a resolution by an irreducible symplectic manifold and prove an analog of Verbitsky's global Torelli theorem. In place of twistor lines, Verbitsky's work on ergodic complex structures provides the essential global input. On the one hand, our deformation theoretic results are a further generalization of Huybrechts' theorem on deformation equivalence of birational hyperkähler manifolds to the context of singular symplectic varieties. On the other hand, our global moduli theory provides a framework for understanding and classifying the symplectic singularities that arise from birational contractions of irreducible symplectic manifolds, and there are a number of applications to K3
Introduction
The local and global deformation theories of irreducible holomorphic symplectic manifolds enjoy many beautiful properties. For example, unobstructedness of deformations [Bo78, Ti87, To89] and the local Torelli theorem [Be83] are at the origin of many results on symplectic manifolds. Among the highlights of the global theory are Huybrechts' surjectivity of the period map [Hu99] and Verbitsky's global Torelli theorem [Ve13] (see for example Markman's survey article [Ma11] and Huybrechts' Bourbaki talk [Hu11] ). Verbitsky's result has since paved the way for many important developments, with applications to a wide variety of questons such as: birational boundedness [Ch16] , lattice polarized mirror symmetry [Ca16] , algebraic cycles [CP14] , hyperbolicity questions [KLV14] and many more. Recent progress in MMP and interest in singular symplectic varieties [GKP11] has made it apparent that a global deformation theory of singular symplectic varieties would be equally valuable.
In the present article we initiate a systematic study of the moduli theory of singular symplectic varieties. We prove general results concerning their deformation theory and building on this we develop a global moduli theory for locally trivial families of singular irreducible symplectic varieties. For the purpose of this article it is convenient to define an (irreducible) symplectic variety X to be a compact normal Kähler space admitting a resolution π : Y − → X by an (irreducible) holomorphic symplectic manifold Y , see section 3. In this situation we refer to π as an (irreducible) symplectic resolution. In particular, if the varieties are projective, then our (irreducible) symplectic varieties are symplectic varieties in the sense of Beauville [Be99] but our notion is of course much more restrictive.
By work of Namikawa [Na01b, Na06] , a projective variety X admitting a resolution π : Y − → X by a symplectic manifold Y also has unobstructed deformations, and the natural map Def(Y ) − → Def(X) is finite. However, π deforms generically to an isomorphism, and as a consequence the only natural period map is that of the resolution Y . From a Hodge-theoretic perspective it is therefore more natural to consider the locally trivial deformations of X as in this case the pure weight two Hodge structure on H 2 (X, Z) varies in a local system, and the resulting theory is very closely analogous to the smooth situation. Our first result is the following The case of a divisorial contraction π : Y − → X of a projective symplectic variety was treated by Pacienza and the second author in [LP14] , where it was shown that locally trivial deformations of X correspond to deformations of Y such that all irreducible components of the exceptional divisor Exc(π) of π deform along. The space Def lt (X) of locally trivial deformations of X is smooth of dimension h 1,1 (X) = h 1,1 (Y ) − m where m is the number of irreducible components of Exc(π). This description is equivalent to that of the theorem, since the Beauville-Bogomolov-Fujiki form q on H 2 (Y, Z) yields an isomorphism q : H 2 (Y, Q)
− → H 2 (Y, Q) identifying the subspace of H 2 (Y, Q) spanned by Exc(π) with N Q . In the case where π is a small contraction, X is not Q-factorial, but we can still recast the description in the theorem in terms of line bundles: under q, the Hodge classes in the orthogonal N ⊥ ⊂ H 2 (Y, Q) are the Q-line bundles on Y that vanish on N and can therefore be pushed forward to Q-line bundles on X.
An important theorem of Huybrechts [Hu03, Theorem 2.5] shows that birational 1 irreducible holomorphic symplectic manifolds are deformation equivalent. Of course, birational irreducible symplectic varieties are not necessarily locally trivially deformation equivalent, and the correct analog of Huybrechts' theorem is the following: Theorem 1.2 (See Theorem 4.8). Let π : Y − → X and π : Y − → X be projective irreducible symplectic resolutions of projective irreducible symplectic varieties X, X , and let φ : X X be a birational map. Then the following are equivalent:
(1) There is an isomorphism ϕ : Def lt (X) − → Def lt (X ) such that for each t ∈ Def lt (X) we have a birational map φ t : X t X ϕ(t) which is an isomorphism in codimension one. For general t ∈ Def lt (X), the map φ t is an isomorphism. In particular, X and X are locally trivial deformations of one another. (2) The map φ * : H 2 (Y , C) − → H 2 (Y, C) induced by the birational map φ : Y Y is an isomorphism that sends H 2 (X , C) isomorphically to H 2 (X, C).
For a criterion that is more intrinsic to X, let Cl(X) denote the group of Weil divisors modulo linear equivalence. Corollary 1.3. Suppose φ : X X is a birational map of irreducible projective symplectic varieties which is an isomorphism in codimension one. If φ * : Cl(X) Q − → Cl(X ) Q and its inverse send Q-line bundles to Q-line bundles, then X and X are locally trivially deformation equivalent.
Fixing a lattice Λ, there is a natural locally trivial Λ-marked moduli space M lt Λ obtained by gluing the universal locally trivial deformation spaces together, and we also have an associated notion of parallel transport operator. Further, there is a period map P : M lt Λ − → Ω Λ to the associated period domain Ω Λ that is a local isomorphism. The two equivalent conditions in Theorem 1.2 also imply -as for smooth varieties -that X and X are inseparable in M lt Λ , see Theorem 4.9. As a converse, we have a version of the global Torelli theorem, see Theorem 5.13. The following is an analog of Markman's Hodge theoretic version [Ma11, Theorem 1.3] of the global Torelli theorem. Theorem 1.4 (Global Torelli Theorem). Let X, X be irreducible symplectic varieties and let f : H 2 (X, Z) − → H 2 (X , Z) be a locally trivial parallel transport operator which is a Hodge isometry. Then there is a birational map φ : X X which induces 2 a Hodge isometry φ * : H 2 (X, Z) − → H 2 (X , Z).
As in the smooth case, this has an equivalent formulation saying that every connected component of the marked moduli space maps injectively to the period domain, points in one fiber are birational, and this birational map induces an isomorphism on the second cohomology, see Corollary 5.14. Moreover, we have analogs of Huybrechts' surjectivity of the period map [Hu99] as well as of a well-known theorem of Sullivan [Su77] in the smooth case, see Corollary 5.9 and Theorem 5.15. Put together, we have (1) The period map P : N lt Λ − → Ω Λ is surjective, and the points in any fiber are pairwise nonseparated. Moreover, the nonseparated points precisely correspond to birational symplectic varieties such that the birational map induces a Hodge isometry on the second cohomology lattices.
2 By this we mean that the induced birational map on irreducible symplectic resolutions induces an isomorphism on cohomology which identifies H 2 (X, Z) with H 2 (X , Z).
(2) The locally trivial weight two monodromy group Mon 2 (X) lt is a finite index subgroup of O(H 2 (X, Z)), equal to the restriction of the subgroup of Mon 2 (Y ) stabilizing π * H 2 (X, Z).
The analogous results in the smooth case heavily rely on the existence of a hyperkähler metric, the theory of twistor lines, and deformations of complex structures. This presents a major difficulty for singular varieties as the aforementioned techniques are not available or much less understood as in the smooth case. We therefore deduce the largeness of the image of the period map by density results built on Ratner's theorem (as first explored in this context by Verbitsky [Ve15] ), and this is responsible for the numerical conditions on b 2 (X). To the best of our knowledge this is the first general result in this direction which makes a statement about large deformations of singular symplectic varieties. Note that X with b 2 (X) = 3 are locally trivially rigid in the sense that their only locally trivial deformation is what should be the (unique) twistor deformation, and unlike in the smooth case we can give examples (see Remark 5.12). On the other hand, all known smooth deformation types have b 2 (Y ) > 5.
The locally trivial monodromy group interacts in an interesting way with the monodromy group of the resolution, permuting the different possible resolutions. We deduce from the second part of Theorem 1.5 the following classification of the locally trivial deformation types of contractions in terms of the monodromy group of the resolution (see Corollary 5.10): Corollary 1.6. With the above restrictions, the locally trivial deformation type of X is uniquely determined by the Mon
Much more can be said when X admits a resolution deformation equivalent to a Hilbert scheme of points on a K3 surface. The possible projective contractions M − → X of a moduli space of sheaves M on a K3 surface is completely described by wall-crossing in the space of Bridgeland stability conditions by work of Bayer-Macrì [BM14] ; Theorem 1.1 combined with density results then implies that no new singularities occur in the general X (see Proposition 6.6): Theorem 1.7. Let π : Y − → X be an irreducible symplectic resolution where Y is a K3 [n] -type manifold. Provided b 2 (X) > 3, X is locally trivially deformation equivalent to a wall-crossing contraction of a moduli space of Bridgeland stable objects on a K3 surface.
Extremal contractions are particularly amenable to the lattice theory involved, and we for example have the following generalization of a beautiful result of Arbarello and Saccà [AS15] : Theorem 1.8. Let π : Y − → X be an irreducible symplectic resolution where Y is a K3 [n] -type manifold, and assume rk N 1 (Y /X) = 1. Then for any closed point x ∈ X the analytic germ (X, x) is isomorphic to that of a Nakajima quiver variety.
As another nice application, we are able to rule out the existence of certain contractions on K3 [n] -type varieties:
-type manifold Y , and assume rk N 1 (Y /X) = 1. Then for a generic closed point x ∈ X sing the analytic germ (X, x) is isomorphic to (S, 0) × (C 2n−2 , 0) where (S, 0) is an A 1 -surface singularity.
The surprising fact is that relative Picard rank one contractions whose generic singularity is transversally an A 2 -surface singularity do not occur on irreducible symplectic manifolds while on other arbitrary symplectic manifolds they do, see Corollary 6.11 and the discussion thereafter.
We expect most of our general results to apply to symplectic varieties not necessarily admitting a symplectic resolution by using a Q-factorial terminalization in place of the resolution but we do not pursue that level of generality here. We do note however that this would fit very nicely with another result of Namikawa [Na06] that every flat deformation of a Q-factorial terminal projective symplectic variety is locally trivial. As for the applications, we only restrict to K3 [n] -type varieties for simplicity, and our theory should yield similar results for the Kummer and O'Grady types. These directions are the topic of a forthcoming article.
Outline. In sections 2 and 3 we explain some basic facts about irreducible symplectic varieties and their Hodge structures. We recall that the Hodge structure on the second cohomology of an irreducible symplectic variety is always pure and prove the degeneration of Hodge-de Rham spectral sequence for singular symplectic varieties in a suitable range. We also examine the Mumford-Tate group of a general irreducible symplectic manifold.
The locally trivial deformation theory of irreducible symplectic varieties is studied in section 4. This is one of the two technical centerpieces of the present paper. All our moduli theory builds on this in an essential way. The main results are the proof of smoothness of the Kuranishi space, the comparison of deformations of a singular symplectic variety and its resolution, the local Torelli theorem, and the analog of Huybrechts' theorem. We also include some remarks and applications to the question of existence of algebraically coisotropic subvarieties. In section 5 we introduce and investigate marked moduli spaces of locally trivial families of irreducible symplectic varieties. We study the relation to moduli spaces of the resolution through compatibly marked moduli spaces of irreducible symplectic resolutions as well as various associated monodromy groups. The analysis of how these spaces and their monodromy groups are connected is the second main ingredient of this work. In this section we make use of Verbitsky's ergodicity of complex structures and Amerik-Verbitsky's concept of MBM classes.
In section 6 we give applications to K3 [n] -type varieties. We essentially make use of the description of the birational geometry of Bridgeland moduli spaces of stable objects by Bayer and Macrì. In principle, our methods allow to extend any result on singularities that can be proven for contractions of Bridgeland moduli spaces to arbitrary K3 [n] -type varieties. The abovementioned generalization of Arbarello-Saccà's result is proven here.
Hodge structure for rational singularities
We establish some basic facts about the Hodge structure on low degree cohomology groups of varieties with rational singularities. The following lemma is well-known, we include it for the reader's convenience.
Lemma 2.1. Let π : Y − → X be a resolution of singularities of a compact normal variety X with rational singularities. Then the sequence
is exact. In particular, if Y is of class C , then H 2 (X, Z) carries a pure Hodge structure. Moreover, the restriction of π * to the transcendental lattice is an isomorphism over Q and π * NS(X) Q is the subspace of H 1,1 (Y, Q) of all Q-line bundles on Y that vanish on the π-exceptional curves.
Proof. The exponential sequence and rationality of singularities imply that R 1 π * Z = 0. Therefore, the sequence (2.1), which comes from the Leray spectral sequence, is exact and by strictness of morphisms of Hodge structures, H 2 (X, Z) carries a pure Hodge structure. The last two statements follow from [KM92, (12.1.3) Theorem].
The proof shows that (2.1) is even defined and exact over Z but we will not need this in the sequel.
We will investigate in how far the de Rham complex on a resolution or the one on the smooth part of a singular variety can be used to compute the singular cohomology and the Hodge decomposition on X.
Lemma 2.2. Let X be a normal compact Kähler variety. Then the following hold:
(1) Let π : Y − → X be a resolution of singularities by a compact Kähler manifold Y . If X has rational singularities, then for all k ≤ 2 the canonical map
is an isomorphism and the Hodge-de Rham spectral sequence
degenerates on E 1 in the region where p + q ≤ 2. (2) Let us denote by j : U = X reg − → X the inclusion of the regular part.
If X is projective with log terminal singularities, then for all k ≤ 2 the canonical map
degenerates on E 1 in the region where p + q ≤ 2.
Proof. We may assume that π : Y − → X is a log resolution of singularities which is an isomorphism over U , i.e., π −1 (X sing ) is a divisor with simple normal crossings. Log terminal singularities are rational by [KM92, Theorem 5.22]. As a consequence of [GKKP11, Theorem 1.4] we have j
is a consequence of (1), and it suffices to prove the first statement. We obtain a commuting diagram
where the right vertical morphism comes from the canonical morphism of complexes
The lower horizontal map is an isomorphism by Grothendieck's theorem and π * is injective by Lemma 2.1. We will show that for k ≤ 2 the map ψ is injective and its codimension is the same as for π * . We may and will assume that X 0 = Y is the beginning of a semi-simplicial res- 
are clearly filtered and this last one is filtered because it comes from a morphism of filtered complexes
where s(·) stands for the associated single complex.
The injectivity part of the claim will follow from the statement about degeneration of the spectral sequence. Degeneration on E 1 follows as the E 1 -level of the spectral sequence (2.2) embeds into the E 1 -level of the spectral sequence of the complex Ω • Y , which degenerates on E 1 by Hodge theory.
is deduced from the Leray spectral sequence. Thus, the spectral sequence for π * Ω • Y degenerates in the realm p + q ≤ 2 and we obtain commutative diagrams (2.5)
for all such p and q. It remains to see that [KM92, (12 .1.5)] and note that log terminal singularities are rational. But coker ψ 1,1 is the image of
. . , C m be curves in Y contracted to a point under π such that their classes form a basis of N 1 (Y /X) and let L 1 , . . . , L m be line bundles on Y such that their Chern classes
Choose irreducible components F 1 , . . . , F m of fibers of π such that C i ⊂ Y i for all i. Take resolutions of singularities ν i : F i − → F i and curves C i ⊂ F i such that ν i * C i = C i for all i. If we denote F := F i and by ν : F − → Y the composition of the resolutions with the inclusion, then by the projection formula ν * ξ i . C j = ξ i .C j so that the ν * ξ i are still linearly independent. This implies that the ξ i are mapped to an m-dimensional subspace of
which completes the proof of the lemma.
We immediately deduce
Corollary 2.3. Let X be a normal compact Kähler variety, let π : Y − → X be a resolution of singularities by a compact Kähler manifold Y , and denote by j : U = X reg − → X the inclusion of the regular part.
(1) If X has rational singularities and
(2) If X is projective with log terminal singularities and k, p+q
Now we turn to the relative situation. The following result follows from the absolute case by homological algebra.
Lemma 2.4. Let X 0 be a normal projective variety with log terminal singularities, let f : X − → S be a flat deformation of X 0 over a local Artinian base scheme S of finite type over C, let U 0 ⊂ X 0 be the regular locus and let U − → S be the induced deformation of U 0 . Suppose that j * Ω • U/S is flat over S where j : U → X is the inclusion. Then, for all k ≤ 2 the canonical map
degenerates on E 1 in the region where p + q ≤ 2. Moreover, the O S -modules H q (X, j * Ω p U/S ) are free for p + q ≤ 2 and compatible with arbitrary base change.
The same holds true if X − → S is a locally trivial deformation of a normal Kähler variety X 0 with rational singularities such that for some resolution
Proof. The proof is the same in the projective and in the Kähler case. Put R := Γ(S, O S ). The differentials on all E p,q 1 with p + q = n will be zero if and only if p+q=n lg R E p,q 1 = lg R H n (X, j * Ω • U/S ) where lg R denotes the length as an R-module. Note that both sides are finite.
Flatness of j * Ω • U/S entails that there is a bounded below complex L • of free R-modules such that there is an isomorphism 
and equality holds if and only if
where the first inequality is the existence of the spectral sequence, the second one was explained just before and the equality is the degeneracy of the spectral sequence for X 0 , see Lemma 2.2. Moreover,
where R X denotes the constant sheaf R as can be seen by induction over the length of R and the corresponding statement for X 0 from Lemma 2.2. The base change property follows from the local freeness by [EGA3, (7.8.5)] in the projective case and by [BS77, Ch 3, Corollaire 3.10] in the Kähler case.
Symplectic varieties
Recall that an irreducible symplectic manifold is a simply connected compact Kähler manifold Y such that H 0 (Y, Ω 2 Y ) = Cσ for a holomorphic symplectic 2-form σ. There is a nondegenerate quadratic form q Y : H 2 (Y, Z) − → Z, the Beauville-Bogomolov-Fujiki form, whose associated bilinear form gives an injection q : H 2 (Y, Z) → H 2 (Y, Z) which becomes an isomorphism over Q. Throughout this article, by symplectic variety we mean a normal compact Kähler 3 space X such that its smooth part admits a holomorphic symplectic 2-form that extends holomorphically to one (and hence to any) resolution of singularities and such that X admits a resolution by a symplectic manifold. Note that the existence of a symplectic resolution is not required in [Be99] . We say that X is an irreducible symplectic variety if the resolution is irreducible symplectic. An irreducible symplectic resolution is a resolution of a symplectic variety in our sense by an irreducible symplectic manifold.
Suppose that π : Y − → X is a proper birational morphism from an irreducible symplectic manifold Y to a normal Kähler variety X which is then automatically a symplectic variety. From [KM92, (12.1.3) Theorem] it follows that we have a short exact sequence
Moreover, by loc. cit. H 2 (Y /X, Q) is generated by algebraic cycles and therefore it coincides with N 1 (Y /X) Q . Here, N 1 (Y /X) ⊂ N 1 (Y ) is defined as the kernel of the push forward map π * :
N is negative definite with respect to the Beauville-Bogomolov-Fujiki form.
Proof. Injectivity follows from Lemma 2.1. To see that N is q-orthogonal to H 2 (X, C) we argue as follows: as the bilinear form q is a morphism of Hodge structures and N ⊂ H 1,1 (Y ) is orthogonal to the (2, 0)-part of H 2 (Y, C) and hence to H 2 (Y, C) tr (which is by the way isomorphic to H 2 (X, C) tr by Lemma 2.2). So it suffices to prove that N is q-orthogonal to N 1 (X) ⊂ H 2 (X, Q) ⊂ H 2 (Y, Q). For this we only have to unravel the definition of N : let C be a curve in Y that is contracted to a point under π. Then the class
So H 2 (X, C) ⊂ N ⊥ and to conclude it is sufficient to exhibit a positive class in H 2 (X, R). As X is supposed to be Kähler, a Kähler class h ∈ H 1,1 (X, R) will do. Then q(h) > 0 as h is big and nef on X, so the orthogonal to h in H 1,1 (Y ) is negative definite and thus we see that
Proposition 3.2. Let π : Y − → X be an irreducible symplectic resolution and let j : U = X reg − → X be the inclusion. Then, we have
Proof. Let X 0 = X sing be the singular locus of X with the reduced structure and let us consider U 0 = X \ X sing 0 . As a consequence of Kaledin's results [Ka06] , see Remark 3.3 and Corollary 3.4 below, every point of U 0 is either smooth or a transversal ADE surface singularity. Let us denote V = π −1 (U ), V 0 = π −1 (U 0 ) and let us write for simplicity j for all inclusions of U, U 0 , V, V 0 to X, Y and j 0 for the inclusions of U, V to U 0 , V 0 . By semi-smallness [Ka06, Lemma 2.11], we have codim Y (Y \ V 0 ) ≥ 2. Then the first two claims follow from
where the first equality comes from the reflexivity of T X , the second from the symplectic form on the regular part, the third is because the pushforward of the sheaf of holomorphic p-forms along the minimal resolution of ADE surface singularities is reflexive, the fourth is just functoriality of the pushforward, and the last equality holds for codimension reasons.
Let us prove the third statement. As X has rational singularities, we have that
Remark 3.3. Kaledin's article [Ka06] is formulated for complex algebraic varieties, but we use his results in Proposition 3.2 for arbitrary irreducible symplectic varieties. Let us comment on why they carry over to the compact Kähler setting as well. The crucial ingredient in Kaledin's proofs is the use of functorial mixed Hodge structures on cohomology groups of complex algebraic varieties and there is no such structure on the cohomology of arbitrary complex varieties. However, we have mixed a Hodge structure on the cohomology of compact Kähler varieties which is functorial for proper morphisms. It would even be sufficient to consider compact complex varieties of Fujiki class C , i.e., dominated by a Kähler manifold.
With this in mind, Kaledin's proofs work almost literally for compact Kähler varieties. More precisely, one first shows using mixed Hodge structures that Kaledin's proofs yield analogs of [Ka06, Lemma 2.7] and [Ka06, Lemma 2.9] in the compact Kähler setting. These are the key technical ingredients to prove the stratification and formal product decomposition [Ka06, Theorem 2.3] as well as [Ka06, Theorem 2.5] which relates the symplectic and Poisson structure. Other than mixed Hodge theory, Kaledin mainly uses Poisson structures, commutative algebra, or direct geometric arguments which all make sense also in our setting. Finally, also semi-smallness [Ka06, Lemma 2.11] is a consequence of geometric properties of the symplectic form and Lemma 2.9 of op. cit.
We wish to be a bit more precise regarding the product decomposition on the level of germs, which has not been addressed by Kaledin. It follows easily using a well-known result of Artin.
Corollary 3.4. Let X be a symplectic variety and let X 1 = X sing be its singular locus with the reduced structure. Then codim X X sing 1 ≥ 4 and for every point p ∈ U = X \ X sing 1
we have an isomorphism of germs (X, p) ∼ = (C dim X−2 , 0) × (S, 0) where (S, 0) is an ADE surface singularity.
Proof. With Remark 3.3 in mind, we infer the claim on the codimension from [Ka06, Theorem 2.3]. The same theorem also gives the sought-for isomorphism on the level of formal complex spaces. Every local formal isomorphism between complex spaces is the formal completion of an analytic isomorphism by [Ar68, Corollary 1.6].
Later on we will need that the very general Hodge structure of a symplectic variety has no automorphisms different from ±id. As we were not able to find a reference, we include a short proof. In fact, we include a proof -which is basically taken from [vGV16] -of a more general result about MumfordTate groups, which might be of independent interest, so let us recall this notion. Let H be a finitely generated torsion free Z-module endowed with a pure Hodge structure of weight k and consider the action ρ :
One easily checks that this action is defined over R.
Definition 3.5. The Mumford-Tate group of a pure Hodge structure H is the smallest algebraic subgroup MT(H) ⊂ GL H (R) which is defined over Q and which contains the image of ρ.
A Hodge structure of hyperkähler type is a weight two Hodge structure H with h 2,0 = h 0,2 = 1 together with a nondegenerate bilinear form q on H of signature (3, rkH −3) which is a morphism of Hodge structures and for which (H 1,1 ) ⊥q = H 2,0 ⊕ H 0,2 and the restriction of q to H 2,0 ⊕ H 0,2 is positive definite. Hodge structures of hyperkähler type on H are parametrized by the period domain
A Hodge structure of hyperkähler type is called Mumford-Tate general if it is not contained in any Hodge locus Hdg α ⊂ Ω H of Hodge classes α ∈ H s ⊗ (H * ) r for some r, s ∈ N 0 such that Hdg α Ω H is a proper subset.
Proposition 3.6. Let (H, q) be a Mumford-Tate general Hodge structure of hyperkähler type. Then MT(H) = SO H (R).
Proof. The proof is basically identical to [vGV16, Lemma 9] so we only sketch it very briefly. It follows from the definition that MT(H) ⊂ SO H (R). The main ingredient to show equality is that for every Hodge structure H ω corresponding to some ω ∈ Ω H there is an inclusion of Mumford-Tate groups MT(H ω ) ⊂ MT(H). This is because the Mumford-Tate group may be characterized as the stabilizer group of all Hodge classes α ∈ H s ⊗ (H * ) r for all r, s ∈ N 0 . Then one proceeds inductively: for α ∈ H and ω ∈ α ⊥ ⊂ Ω H which is Mumford-Tate general with respect to the Hodge structure α ⊥ we have that MT(H ω ) = SO α ⊥ (R). The result follows as SO H (R) is the smallest algebraic subgroup containing all SO α ⊥ (R). Proof. This is a consequence of Proposition 3.6 together with the fact that
Deformations
As usual in deformation theory, when we speak about the versal deformation Z − → Def(Z) of a complex space Z, then the complex space Def(Z) has a distinguished point 0 ∈ Def(Z) such that the fiber of Z − → Def(Z) over 0 is Z and we should actually speak about the morphism of space germs (Z , Z) − → (Def(Z), 0). All deformation theoretic statements have to be interpreted as statements about germs.
Let X be a normal compact complex variety with rational singularities and let π : Y − → X be a resolution of singularities. Recall that by [KM92, Proposition 11.4] there is a morphism p : Def(Y ) − → Def(X) between the Kuranishi spaces of Y and X and also between the versal families Y − → Def(Y ) and X − → Def(X) fitting in a diagram
Recall from [FK87] that there exists a closed complex subspace Def lt (X) ⊂ Def(X) parametrizing locally trivial deformations of X. More precisely, the restriction of the versal family to this subspace, which by abuse of notation we denote also by X − → Def lt (X), is a locally trivial deformation of X and is versal for locally trivial deformations of X. Let π : Y − → X be an irreducible symplectic resolution of a compact singular symplectic variety X of dimension 2n. As H 0 (T Y ) = 0, every versal deformation of Y is universal. We also have H 0 (T X ) = H 0 (π * Ω Y ) = 0 by Proposition 3.2 so that every versal deformation of X is universal. Let us fix universal deformations of X and Y and a diagram as (4.1). It is wellknown that Y − → Def(Y ) is a family of irreducible symplectic manifolds, at least in the sense of germs, i.e., possibly after shrinking the representative of Def(Y ). If X is projective, then also X − → Def(X) is a family of irreducible symplectic varieties by [Na01b, Theorem 2.2]. That this statement also holds without the projectivity assumption is highly probable, but it does not seem to be written somewhere in the literature. We will however not need this and even prove it for locally trivial deformations. Our first goal is to describe
Recall from the introduction and Lemma 3.1 that we have an orthogonal decomposition
where N corresponds under q to the curves contracted by π and put m := dim N .
Theorem 4.1. Let X be an irreducible symplectic variety. Then the space Def lt (X) of locally trivial deformations of X is smooth of dimension h 1,1 (X) =
Proof. Smoothness is shown using the T 1 -lifting principle of KawamataRan [Ra92, Ka92, Ka97] , see also [GHJ, §14] or [Le11, VI.3.6] for more detailed introductions. The tangent space to Def lt (X) at the origin is H 1 (T X ) which thanks to the symplectic form can be identified with H 1 (j * Ω U ) where j : U = X reg − → X is the inclusion. For the T 1 -lifting property one has to show that for every infinitesimal locally trivial deformation X − → S of X over an Artinian base scheme S the space H 1 (T X /S ) is locally O S -free and compatible with arbitrary base change. We denote again by j : U − → X the inclusion of the smooth locus of X − → S. Take an extension σ ∈ H 0 (U, j * Ω 2 X /S ) of the symplectic form on U ⊂ X. It remains nondegenerate and hence yields an isomorphism T X /S − → j * Ω X /S , consequently also H 1 (T X /S ) ∼ = H 1 (Ω X /S ) which is free by Proposition 3.2 and Lemma 2.4. Thus, it satisfies the T 1 -lifting property and thus the space Def lt (X) is smooth. It follows from Corollary 2.3 that dim H 1 (T X ) = h 1,1 (X) which shows the dimension statement and completes the proof. 
where p is the restriction of the natural morphism p : Def(Y ) − → Def(X). Moreover, p is an isomorphism.
Proof. We have to show that p −1 (Def lt (X)) = Def(Y, N ). We know by Corollary 4.2 that for each t ∈ Def(Y ) mapping to Def lt (X) the morphism and Proposition 3.2 the second cohomology of locally trivial deformations of X form a vector bundle on Def lt (X), in particular, h 1,1 (X p(t) ) = h 1,1 (X).
Thus, by the decomposition H 2 (Y, C) = N ⊕ H 2 (X, C) from Lemma 3.1 we see that the space N 1 (Y t /X p(t) ) of curves contracted by P t has dimension m for all t ∈ p −1 (Def lt (X)). As N is the orthogonal complement of H 2 (X, C),
it also varies in a local system. This shows the sought-for equality.
One shows as in [LP14] that p is an isomorphism, we only sketch this: It suffices to show that the differential
The independence of the Beauville-Bogomolov-Fujiki pairing on the cohomology of a singular symplectic variety has been proven by Namikawa, see [Na01a, Theorem 8] . In combination with the preceding result and the version for smooth varieties we immediately deduce the following variant of the local Torelli theorem for locally trivial deformations.
Corollary 4.5 (Local Torelli Theorem). Let X be an irreducible symplectic variety, let q X be its Beauville-Bogomolov-Fujiki form, and let
be the period domain for X. If f : X − → Def lt (X) denotes the universal locally trivial deformation of X and X t := f −1 (t), then the period map
is a local isomorphism.
It should be mentioned that Namikawa has proven local Torelli theorem for certain singular projective symplectic varieties in loc. cit. and this has been generalized by Kirschner [Ki15, Theorem 3.4 .12] to a larger class of varieties. In particular, Kirschner has proven a local Torelli theorem in the context of symplectic compact Kähler spaces. Let us emphasize, however, that neither Namikawa's version nor Kirschner' s is what we need as they do not make any statement about local triviality. Also observe that our version of local Torelli-unlike Namikawa's or Kirschner's-does not make any assumption on the codimension of the singular locus of the variety X.
Remark 4.6. We will from now on identify the spaces Def(Y, N ) and Def lt (X) via the morphism p if we are given a birational contraction.
The following result is needed in the proof of this section's main theorem. For a variety X we denote by Cl(X) the group of Weil divisors modulo linear equivalence on it and we write Cl(X) Q := Cl(X) ⊗ Z Q.
is the subspace generated by π -exceptional divisors. Suppose that the birational map φ := π • π −1 : X X is an isomorphism in codimension one. Then the map φ * : Cl(X) Q − → Cl(X ) Q sends Q-Cartier divisors to Q-Cartier divisors.
Proof. Take a Cartier divisor D on X and write π * D = D + E where D is the strict transform and E is π-exceptional. By assumption, we have π * D = (π ) * D + F for some Cartier divisor D on X and a π -exceptional divisor F on Z. Then π * π * D = D is Cartier. Now it suffices to note that E is also π -exceptional so that D = π * D = φ * D and the claim follows.
Note that is not necessary that φ be an isomorphism in codimension one. It would be sufficient that every π-exceptional divisor is also π -exceptional.
Theorem 4.8. Let X and X be projective symplectic varieties, suppose that X has a resolution of singularities π : Y − → X by an irreducible symplectic manifold Y , and let φ : X X be a birational map which is an isomorphism in codimension one. Then, there exists a symplectic resolution π : Y − → X by an irreducible symplectic manifold Y and the following are equivalent.
(1) There is an isomorphism ϕ : Def lt (X) − → Def lt (X ) such that for every t ∈ Def lt (X) we have a birational map φ t : X t X ϕ(t) which is an isomorphism in codimension one. For general t ∈ Def lt (X), the map φ t is an isomorphism. In particular, X and X are locally trivial deformations of one another. (2), it remains to show the existence of a birational map φ t : X t X ϕ(t) for t ∈ Def lt (X) which is an isomorphism at the general point and an isomorphism in codimension one for every point. In this situation we will identify the spaces
and consider the universal families , Z) . Hence, the φ t are isomorphisms in codimension one. In order to show that φ t is an isomorphism for general t, it is sufficient to consider projective deformations of X. Projective deformations of X are dense over every positive dimensional subvariety of Def lt (X) as the same holds for Y , see [GHJ, Proposition 26.6 ]. For a very general t ∈ S corresponding to projective X t and X t both varieties have Picard number one. Moreover, by Proposition 4.7 the pullback of an ample line bundle on X t under the rational map φ t is again an ample line bundle and thus φ t is an isomorphism.
For the converse, consider φ : X X . The induced birational map φ : Y Y induces a Hodge isometry φ * : H 2 (Y , C) − → H 2 (Y, C) which maps H 2 (X, C) tr to H 2 (X , C) tr . By assumption φ * is an isomorphism in codimension one, so it fulfills the hypotheses of Proposition 4.7. Thus, H 2 (X, C) is sent to H 2 (X , C) and the claim follows.
The last statement is clear from the proof.
We denote by ∆ = {z ∈ C | |z| ≤ 1} the complex unit disk and by ∆ × := ∆ \{0} the complement of the origin.
Theorem 4.9. Let X and X be projective symplectic varieties, suppose that X has resolution of singularities π : Y − → X by an irreducible symplectic manifold Y , and let φ : X X be a birational map which is an isomorphism in codimension one such that φ * : Cl(X) Q − → Cl(X ) Q sends Q-line bundles to Q-line bundles. Then there are one parameter deformations f : X − → ∆, f : X − → ∆ such that X and X are birational over ∆ and such that
Proof. The argument of Huybrechts works in this context almost literally, see [LP14, Theorem 1.1] for the necessary changes.
Following Voisin [Vo15, Definition 0.6], we call a subvariety P ⊂ Y of an irreducible symplectic variety an algebraically coisotropic subvariety if it is coisotropic and admits a rational map φ : P B onto a variety of dimension dim Y − 2 · codim P such that the restriction of the symplectic form to P satisfies σ| P = φ * σ B for some 2-form σ B on B.
Proposition 4.10. Every irreducible component P of the exceptional locus of an irreducible symplectic resolution Y − → X is algebraically coisotropic and the coisotropic fibration of P is given by π : P − → B := π(P ). In particular, it is holomorphic. Moreover, the general fiber of π| P is rationally connected.
Proof. By Corollary 4.3 we may assume that X and Y are projective. Let F denote a resolution of singularities of the general fiber of P − → B. By [Ka06, Lemma 2.9] it follows that the pullback of the symplectic form σ of X to F vanishes identically so that F is isotropic. It remains to show that dim B = 2(n − dim F ) where dim X = 2n. This is a consequence of [Wi03, Theorem 1.2].
To prove rational connectedness, we use that every rational curve C on a symplectic variety the morphism ν : P 1 − → C ⊂ X obtained by normalization and inclusion deforms in a family of dimension at least 2n − 2, see Being an exceptional locus P is known to be uniruled. Let H be an ample divisor on Y and take an irreducible rational curve C on P contracted by π such that the intersection product H.C is minimal among all rational curves on P . In the Chow scheme of Y we look at an irreducible component Ch containing [C] of the locus parametrizing rational curves. By what we noted above dim Ch ≥ 2n−2 and by minimality of H.C all points in U correspond to irreducible and reduced rational curves. Let U ⊂ Ch × Y be the graph of the universal family of cycles and denote by p : U − → Ch and q : U − → Y the projections. As C is contracted by π, the curves in Ch cannot move out of the exceptional locus (this would e.g. change the intersection with a pullback of an ample divisor from X) and as U is irreducible, we have in fact U ⊂ Ch × P . Moreover, by the Rigidity Lemma, U − → Ch is a family of curves in the fibers of P − → B. Now a simple dimension count together with the fact that a positive dimensional family of rational curves with two basepoints has to have reducible or nonreduced members (Bend and Break, see e.g. [Ko96, Theorem (5.4.2)]) imply that through the general point of a general fiber F of P − → B there is a family of rational curves without further basepoints of dimension i − 1. Consequently, F is rationally connected.
Remark 4.11. Rational connectedness of F would follow from [CMSB02, Theorem 9.1] the proof of which however seems to be incomplete. Instead, it might also be possible to use [CMSB02, Theorem 2.8 (2)] and the wellknown fact that a variety is rationally connected if and only if it contains a very free rational curve, see e.g. [Ko96, Ch IV, 3.7 Theorem].
Remark 4.12. Rational chain connectedness follows from the much stronger result [HM07, Corollary 1.5]. This notion coincides for smooth varieties with rational connectedness, however, this is not the case for singular varieties. The cone over an elliptic curve is the easiest example of a variety which is rationally chain connected but not rationally connected.
Recall from [LP15, Theorem 1.1] that given an algebraically coisotropic subvariety with almost holomorphic coisotropic fibration φ whose generic fiber F is smooth, then F deforms all over its Hodge locus Hdg F ⊂ Def(Y ). Moreover, if for t ∈ Hdg F we denote by Y t the corresponding deformation of Y , then the deformations of F inside Y t cover an algebraically coisotropic subvariety P t ⊂ Y t with F t as a generic fiber of the coisotropic fibration. It seems, however, unclear how to relate the cycle class of P t with that of P let alone to show that P t is a flat deformation.
In the context of birational contractions of symplectic varieties (in dimension ≥ 4 at least) it is rather common that the generic fiber of the exceptional locus over its image is smooth. Thus, it is worthwhile to mention that the main result of [LP15] can be strengthened in this special situation. But first we need some notation.
Let 
it follows that we have H 2 (X, C) ⊂ K and hence using H 2 (X, C) ⊥ = N and the period map once more we obtain Def(Y, N ) ⊂ Def(F, Y ). In order to show that P remains a Hodge class all over Def(Y, N ) we will construct flat families P ∆ − → ∆ over curves ∆ ⊂ Def(Y, N ) passing through the origin such that the cycle underlying the central fiber P ∆,0 is a multiple of P . To this end we replace F − → H as well as Y − → X by their restrictions to a given smooth curve germ ∆ ⊂ Def(Y, N ) and On the other hand, as X − → ∆ is a locally trivial deformation, it induces a flat (even locally trivial) deformation of all components of its singular locus (with the reduced structure). Let B − → Def(Y, N ) be the so induced deformation of B. Then B ⊂ X is an irreducible (and reduced) subspace. If we knew that also Y − → X were a locally trivial deformation of Y − → X, the claim would follow immediately. As we cannot prove this so far, cf. Question 4.15, we have to argue differently.
We take the unique closed irreducible and reduced subspace F ⊂ F that coincides with F in a neighborhood of F . As ρ : F − → H is proper it therefore is surjective as well. If we take the Stein factorization, F − → H − → H , then by the Rigidity Lemma (see e.g. [De01, Lemma 1.15]) there is a commutative diagram
Note that H − → H is finite, birational, and an isomorphism over [F ] ∈ H
and that H is irreducible. Moreover, the image of H − → X coincides in a neighborhood of [f ] ∈ H with the closed subvariety B ⊂ X thanks to the smoothness of F − → H in a neighborhood of F ⊂ F . Invoking the irreducibility of H and B we conclude that we have H B ⊂ X . We define P = P ∆ ⊂ Y to be the image of F − → Y . The variety F being irreducible the same holds true for P and hence the induced map ρ : P − → ∆ is flat. It remains to show that P ⊂ P is the unique component of the central fiber P 0 of ρ of dimension dim P . This follows from the irreducibility of P by invoking the Rigidity Lemma once more.
Recall from [Vo15, Definition 1.5] that a cohomology class p ∈ H 2i (Y, C) on a smooth symplectic variety is called coisotropic if it is a Hodge class and [σ] n−i+1 ∪ p = 0 in H 2n+2 (Y, C) where σ is the symplectic form on Y . We refer to Huybrechts' article [Hu14] for the notion of a constant cycle subvariety. This is roughly speaking a subvariety of a given variety all of whose points have the same cycle class in the ambient variety.
Corollary 4.14. In the situation of Theorem 4.13, the class of [P ] remains an effective coisotropic Hodge class all over S = Def(Y, N ). Moreover, there are varieties P t ⊂ Y t for each t ∈ S representing (a multiple of ) [P ] which are algebraically coisotropic with rationally connected fibers. In particular, the fibers are constant cycle subvarieties of Y t .
Proof. It follows from the preceding theorem that the class [P t ] of the subvarieties P t ⊂ Y t for a deformation Y t of Y with t ∈ Def(Y, N ) is (a multiple of) [P ] . The proof showed moreover that P t is covered by deformations of the general fiber F of the coisotropic fibration of P . The claim follows as F was rationally connected and rational connectedness is known to be invariant under deformations (for smooth varieties). 
of complex spaces over S where S − → S is the singular locus of X − → S and E − → S is the exceptional locus of Y − → X were a locally trivial (in particular flat) deformation over S of its central fiber.
Period maps and monodromy groups
5.1. Marked moduli spaces. Recall that given a lattice Λ of signature (3, rk Λ − 3), we define an analytic coarse moduli space M Λ of Λ-marked irreducible holomorphic symplectic manifolds (Y, µ) where µ :
is a marking by gluing together the Kuranishi families. Likewise, we define M lt Λ to be the analytic space obtained by gluing together the locally trivially Kuranishi spaces of Λ-marked symplectic varieties. Note that M Λ itself is a disjoint union of connected components of M lt Λ . We define the period domain
By the local Torelli theorem, see Corollary 4.5, there is a period map P :
Let X be a Λ-marked symplectic variety. By Namikawa's result [Na01b, Theorem 2.2], the deformation type of a symplectic resolution is constant along each connected component of M lt Λ . Given a signature (3, rk Λ − 3) lattice Λ and a primitive embedding ι : Λ → Λ , we define a compatibly marked symplectic resolution π : (Y, µ) − → (X, ν) to be a symplectic resolution π and a commutative diagram
We define M res Λ ,Λ to be the analytic space obtained by gluing together the bases of locally trivial Kuranishi spaces X − → Def lt (X) together with a choice of compatibly marked simultaneous resolution Y − → X modulo the following equivalence relation: we identify π :
compatible with the marking. There are obvious forgetful maps that fit into a diagram
where the vertical arrow is the embedding of Ω Λ into Ω Λ as the NoetherLefschetz locus Ω Λ ∩ P(Λ ⊗ C).
Monodromy groups.
Each of the above moduli spaces M has a corresponding notion of parallel transport operator, which we call locally trivial parallel transport operators for M lt Λ and simultaneously resolved parallel transport operators for M res Λ ,Λ . A simultaneously resolved parallel transport
and f, g are evidently locally trivial parallel transport operators. We adopt the following notation for the associated monodromy groups:
(1) Mon(X) lt ⊂ GL(H * (X, Z)) will be the monodromy group associated to locally trivial families, and Mon and Iso 2 (X) to be the image of Iso Proposition 5.4. Let X 1 , X 2 be locally trivially deformation equivalent irreducible symplectic varieties.
(1) Let g : H 2 (X 1 , Z) − → H 2 (X 2 , Z) be a locally trivial parallel transport operator. For any choice of symplectic resolutions π i :
For any choice of symplectic resolutions π i : Y i − → X i , and any parallel transport operator f :
is a locally trivial parallel transport operator. (3) Additionally assume property Fin(X 1 ). Then the locally trivial parallel transport operators H 2 (X 1 , Z) − → H 2 (X 2 , Z) are precisely those arising from restricting simultaneously resolved parallel transport operators from π 1 to π 2 for some choice of symplectic resolutions π i :
The simultaneously resolved parallel transport operators from π 1 to π 2 are precisely the parallel transport operators
Proof. For the proof of (1), let π i : Y i − → X i be resolutions and let X − → B be a locally trivial deformation of X 1 and X 2 over a connected base B. We can always choose the deformation in such a way that the very general fiber has Picard number zero. Let us call b 1 , b 2 ∈ B the points corresponding to X 1 , X 2 . Let us choose a very general path γ from b 1 to b 2 that realizes the parallel transport operator p and cover it with finitely many disks D 1 , . . . , D n such that over each disk we have a simultaneous resolution 
, Z) which is a Hodge isometry. Combining with Lemma 3.1 we see that δ i maps H 2 (X c i , Z) to itself. If f i denotes the parallel transport operator induced by
For part (2), let N Λ be a given connected component of M Λ , and denote by N lt Λ ⊂ M lt Λ the set of (X, ν) admitting a compatibly marked symplectic
is open and closed by Proposition 4.4, and therefore it is a union of pathcomponents as M lt Λ is locally path-connected. It suffices to show N lt Λ is path-connected, since if (X 1 , ν 1 ) ∈ N lt Λ and π 1 : (Y 1 , µ 1 ) − → (X 1 , ν 1 ) is a compatibly marked resolution, then for f as in the claim we have (X 2 , f ν 1 ) ∈ N lt Λ . The path-connectedness will in turn follow from the following 
Λ with the same period and with Picard rank zero each. As for smooth varieties, neither X 1 nor X 2 contain any curves for otherwise the nondegeneracy of the intersection pairing would contradict the nonexistence of divisors. Note that ν 2 •ν
is a Hodge isometry as well. Thus, (Y 1 , µ 1 ) and (Y 2 , µ 2 ) have the same period and are therefore birational, by the global Torelli theorem. It follows that X 1 and X 2 are birational, and because neither has any effective curves, we have X 1 ∼ = X 2 . This can be seen just as in the algebraic context, apply e.g. [De01, Lemma 1.15 (b)] to a resolution of indeterminacy.
Let us assume first, that the Hodge structure on H 2 (X 1 , Z) is MumfordTate general. Then the isomorphism induces ±ν 2 • ν 
Now let (X 1 , ν 1 ), (X 2 , ν 2 ) ∈ N lt Λ be arbitrary Picard rank zero points with the same period. Also in this case, we have seen that X 1 , X 2 are birational and having Picard rank zero, they are even biholomorphic.
We take a very general disk ∆ ⊂ Ω Λ centered at P (X 1 , ν 1 ) = P (X 2 , ν 2 ) and lift them to disks ∆ 1 and ∆ 2 in N lt Λ centered at (X 1 , ν 1 ) respectively (X 2 , ν 2 ). Up to shrinking the disks, we may assume that there are locally trivial families X (1) − → ∆ 1 , X (2) − → ∆ 2 of irreducible symplectic varieties with central fibers X 1 respectively X 2 such that P (∆ 1 ) = ∆ = P (∆ 2 ) where we endow these families with the markings induced by ν 1 and ν 2 . As ∆ was chosen very general, the above argument applies to the very general fiber of X (1) − → ∆ 1 , X (2) − → ∆ 2 -namely the Mumford-Tate general ones -so that for the corresponding t ∈ ∆ there is an isomorphism φ t : X
and by the usual Hilbert scheme argument we obtain a family Γ ⊂ X (1) × ∆ X (2) whose fibers Γ t coincide with the above Γ t for uncountably many t. Clearly, the locus of t ∈ ∆ where the fiber Γ t of Γ is an isomorphism is Zariski open and by shrinking our disk we may assume that Γ t is the graph of an isomorphism everywhere outside t = 0. Up to shrinking the disks once more we may assume that there are irreducible symplectic resolutions Y (1) − → X (1) and Y (2) − → X (2) . We take the strict transform of Γ and obtain a cycle
t , Z) and for t = 0 the restriction to H 2 (X Z) is a morphism of Hodge structures and hence either zero or an isomorphism as the Hodge structure on H 2 (X 1 , Z) is simple. Suppose that for the given Z it is an isomorphism. Then there is 0 = λ ∈ C such that [Z] * σ 1 = λσ 2 where σ 1 , σ 2 denote the symplectic forms on C) by Lemma 3.1 for i = 1, 2. Denoting p 1 and p 2 the projections from Y 1 × Y 2 to its factors we have
Replacing Z by a resolution of singularities we may assume it to be smooth. The integral can only be nonzero if p 2 : Z − → Y 2 (and hence also the composition Z − → X 2 ) is dominant for otherwise the (0, 2n)-form (p * 2σ 2 ) n would vanish.
for t = 0, the same is true for t = 0 and therefore Z has to map birationally onto X 2 . We infer that H 0 (Ω 2 Z ) = C · σ Z and σ Z = p * 2 σ 2 is generically nondegenerate so that Z − → X 1 is also birational (otherwise p * 1 σ 1 = 0). Put together, the restriction of [Z ] * to H 2 (X 1 , C) vanishes for all other irreducible components Z = Z of Γ 0 and hence ν 2 • ν C) . The image of Z in X 1 × X 2 is the graph of a birational map which has to be an isomorphism
in cohomology which concludes the proof.
The proofs of parts (3) and (4) proceed as in [Ma13, Corollary 5.11] (see also Section 7.1 of [Ma11] ), so we only sketch the argument. It will be enough if we can lift, for part (3), families X − → B realizing locally trivial parallel transport operators and, for part (4), families Y − → B realizing parallel transport operators, to simultaneously resolved families Y − → X − → B . It suffices to consider a disk B, and the claim follows after covering the family with liftable disks and gluing them along nodes if there is a dense set of points with finitely many lifts. In both cases we use points corresponding to compatibly marked resolutions π : (Y, µ) − → (X, ν) for which Pic(X) = 0. Indeed, for part (4), given such a (Y, µ), there is at most one compatibly marked contraction (Y, µ) − → (X, ν) by the lemma. For part (3), such a (X, ν) admits finitely many compatibly marked resolutions assuming Fin(X).
Remark 5.6. With almost the same reasoning one can show that every (X , ν ), (X , ν ) ∈ N lt Λ with the same period and with Picard group generated by an ample divisor are isomorphic as marked irreducible symplectic varieties.
Remark 5.7. We make a remark about Verbitsky's result [Ve15, Theorem 1.16]. The period domain Ω Λ can alternatively be thought of as the space of positively oriented positive-definite planes in Λ R . Indeed, given a Hodge structure on Λ, (Λ C ) 2,0 ⊕ (Λ C ) 0,2 is defined over R and corresponds to a positively oriented positive definite plane P ⊂ Λ R . The orientation is given by (Re σ, Im σ), for σ ∈ (Λ C ) 2,0 . Fixing such a plane P 0 as a basepoint, we obtain an isomorphism
Given an arithmetic lattice Γ ⊂ SO(Λ R ), by an application of Ratner's theorem the orbit closure of a point Γg ∈ Γ\ SO(Λ) under SO(P 0 ) × SO(P ⊥ 0 ) is one of three possibilities, depending on r := rk (gP 0 ∩ Λ):
(1) if r = 2, the orbit is closed; (2) if r = 1, the orbit closure is Γg SO(gP ⊥ 0 ). SO(gP 0 ); (3) if r = 0, the orbit is dense.
Correspondingly, there are three possibilities for the orbit closure of ω ∈ Ω Λ under Γ depending on the transcendental rational rank r of the positive plane P ω : it is closed if r = 2, dense if r = 0, and if r = 1 it is a union of G λ for λ ∈ Γ.λ 0 in the orbit of some primitive 0 = λ 0 ∈ Λ, where G λ is the subset of positive planes P containing some λ. Note that G λ is a real-analytic submanifold of real codimension rk Λ − 2 in Ω Λ . The r = 1 case was omitted in [Ve15] .
For an irreducible symplectic resolution π : Y − → X we denote by N the negative definite lattice (π * H 2 (X, Z)) ⊥ , compare to (4.2). In terms of monodromy groups, Proposition 5.4 means:
Corollary 5.8. Let π : Y − → X be an irreducible symplectic resolution.
(2) If in addition property Fin(X) holds, then the image of Mon 2 (π) in Mon 2 (X) lt has finite index;
In particular, we deduce the analog of Sullivan's theorem [Su77] in the smooth case:
Corollary 5.9. Let π : Y − → X be an irreducible symplectic resolution and suppose b 2 (X) > 3. Then the following hold: 
If property Fin(X) holds, it is uniquely determined.
We define the relative Picard rank of X to be rk N 1 (Y /X) for a symplectic resolution Y − → X; it is independent of the choice of resolution. In the special case that X has relative Picard rank one, Property Fin(X) trivially holds, and we can compute the relevant monodromy groups more precisely.
Proposition 5.11. Let π : Y − → X be an irreducible symplectic resolution of relative Picard rank one and assume b 2 (X) > 3. Let Iso + (π) ⊂ Iso 2 (π) be the subgroup acting trivially on (π * H 2 (X, Z)) ⊥ . Then we have Mon 2 (π) = Iso + (π).
Proof. See [Ma13] . In the notation of the proof of Proposition 5.4, consider the fiber product
is the space of those tuples (Y , µ , X , ν , π ) for which (X , ν ) ∈ N lt Λ and (Y , µ ) ∈ N Λ . Let λ ∈ Λ ⊥ ⊂ Λ be a generator. The main point is that the sign of (α, µ (λ)) at a point π : Remark 5.12. It should be noted that the assumption b 2 (X) > 3 that we used several times throughout this section is nontrivial. Unlike in the smooth case, we know that there are examples of irreducible symplectic varieties X with b 2 (X) = 3: it may well happen that a birational contraction Y − → X of an irreducible symplectic manifold Y contracts a negative definite subspace of H 2 (Y, R) of maximal dimension. In the case of K3 surfaces for example, one may take X to be S/G where S is a K3 surface and G is a group of symplectic automorphisms with minimal invariant second cohomology lattice H 2 (S, Z) G (i.e. of rank 3). Finite groups of symplectic automorphisms were classified by Nikulin [Ni76] and Mukai [Mu88] , explicit examples of groups with the sought-for rank of H 2 (S, Z) G may be found in [Xi96, Ha12] . An example of a different kind may be found in [OZ96] . Theorem 5.13 (Global Torelli Theorem). Let X, X be irreducible symplectic varieties and let g : H 2 (X, Z) − → H 2 (X , Z) be a locally trivial parallel transport operator which is a Hodge isometry. Then there is a birational map φ : X X which induces an isomorphism φ * :
Proof. The choice of a marking ν on X induces via the parallel transport operator a marking ν on X and so the period maps give isomorphisms S := Def lt (X) Corollary 5.14. Let N lt Λ ⊂ M lt Λ be a connected component of the marked moduli space of irreducible symplectic varieties. Then the period map P : N lt Λ − → Ω Λ is generically injective and if (X, ν), (X , ν ) are in the same fiber of P , then X and X are birational, isomorphic in codimension one, and the birational map induces a Hodge isometry H 2 (X, Z) − → H 2 (X , Z) compatible with the markings.
Recall that a period ω ∈ Ω Λ may also be described by a positively oriented, positive-definite two plane P ω ⊂ Λ R . We call rk (P ω ∩ Λ) the transcendental rational rank of ω. In particular, the collection {α ⊥ } is locally finite (in the positive cone). Since N is negative definite by Lemma 3.1, we can take a small ball B ⊂ N ⊥ which is both contained in the boundary of the ample cone and in the positive cone, so B must be open in an intersection of finitely many α ⊥ . It follows that N Q is generated by MBM classes.
Proof of Theorem 5.15. For a point (X , ν ) ∈ N lt Λ , the marking ν induces markings on the universal locally trivial deformation X − → S = Def lt (X )
of X so that we may interpret S as a small open neighborhood of (X , ν ) in N lt Λ . We infer from the local Torelli theorem 4.5 that P (S) ⊂ Ω Λ is open as well. Evidently, the period map P :
so the complement of the image is a closed Mon 2 (Λ) lt -invariant subset. By
Remark 5.7, and the fact that any transcendental rational rank one orbit closure contains a transcendental rational rank two orbit, it suffices to show that every maximal Picard rank period is in the image. Assume that ω ∈ Ω Λ corresponds to a Hodge structure whose Picard rank equals rkΛ. As in Proposition 5.4, there is a unique component N Λ ⊂ M Λ of compatibly marked resolutions, and via the embedding ω ∈ Ω Λ ⊂ Ω Λ and Verbitsky's global Torelli theorem, there is a smooth marked irreducible holomorphic symplectic manifold (Y, µ) with period ω and Y is certainly projective, by Huybrechts' criterion. Furthermore, since µ −1 (Λ R ) ⊂ H 2 (Y, R) is a wall in the decomposition of the positive cone in H 1,1 (Y, R) into Kähler chambers by Lemma 5.16, we can choose (Y, µ) in its birational equivalence class so that µ −1 (Λ R ) is a face of the ample cone of Y . Choosing a line bundle L with c 1 (L) in the intersection of the nef cone and the positive cone of Y , L is big and nef, so by the basepoint-free theorem we obtain a birational contraction π : Y − → X to a symplectic variety X, and π is naturally compatibly marked by (µ, ν). By Corollary 5.10, X is a locally trivial deformation of X . To finish, by Lemma 5.5 the point (X, ν) is in the same component N lt Λ , and the claim is proven.
Remark 5.17. The moduli space of quasi-polarized locally trivially deformations of a given projective symplectic variety is thus a locally symmetric variety of orthogonal type. The geometry of such varieties, and in particular their Kodaira dimensions, have been studied using modular forms by Gritsenko-Hulek-Sankaran in a series of papers, see for example [GHS07, GHS08, GHS10] . A rather general recent result in this direction has been obtained by Ma [Ma17] .
Remark 5.18. We needed to use Verbitsky's global Torelli theorem on the resolution, and this method of proof most likely cannot be used to give a different proof in the smooth case. Note however the same argument does provide a simple proof of the surjectivity of the period map of K3 surfaces using three facts: (1) any maximal Picard rank period is realized by a Kummer surface; (2) all K3 surfaces are deformation equivalent; and (3) the monodromy group is arithmetic.
Applications to K3 [n] -type manifolds
Recall that a compact Kähler manifold Y is said to be of K3 [n] -type if it is deformation equivalent to a Hilbert scheme of n points on K3 surface. The K3 [n] -type manifolds form one of the two known infinite families of irreducible holomorphic symplectic manifolds. We assume throughout that n ≥ 2 (i.e. that dim Y ≥ 4).
By work of Markman [Ma11, Corollary 9.5] there is a canonical extension of weight 2 integral Hodge structures
Furthermore, the projective K3 surface can be taken untwisted if and only if one of the following equivalent conditions holds:
(1 ) Λ(Y, Z) alg contains U as a primitive sublattice; (2 ) The transcendental lattice H 2 (Y, Z) tr ∼ = Λ(Y, Z) tr is Hodge-isometric to the transcendental lattice of a projective K3 surface.
K3
[n] -type contractions. We now turn to the singular case.
Definition 6.4. Let X be a symplectic variety and π : Y − → X a symplectic resolution. We say π is a K3 Example 6.5. Our main source of examples of K3 [n] -type contractions come from contractions of Bridgeland moduli spaces, which we call Bridgeland contractions. Bridgeland moduli spaces of untwisted K3 surfaces will be called untwisted Bridgeland contractions for emphasis. Their geometry is beautifully described via wall-crossing by Bayer-Macrì theory [BM14] . Given a projective K3 surface S, a primitive Mukai vector v ∈ H(S, Z) alg , and an open chamber C ⊂ Stab † (S) associated to v, then any σ 0 ∈ ∂C yields a semiample class σ 0 on M C (v), and the associated morphism π :
The morphism π contracts a curve if and only if two generic stable objects in the corresponding family are S-equivalent with respect to σ 0 .
Much is known about the singularities of Bridgeland contractions, and Theorem 4.8 roughly says that arbitrary K3 [n] -type contractions exhibit no new singularities: Proposition 6.6. Let X be a K3 [n] -type contraction with b 2 (X) > 3. Then X is locally trivially deformation-equivalent to a Bridgeland contraction M . Furthermore, if b 2 (X) > 4, M may be taken to be an untwisted Bridgeland contraction.
Proof. Since every smooth symplectic birational model of a smooth Bridgeland moduli space is a Bridgeland moduli space, and every contraction is a Bridgeland contraction, we need only argue that the periods of such moduli spaces are dense in Ω Λ for any primitive signature (3, b) sublattice Λ ⊂ Λ K3 [n] with b > 0. We prove the second part first. If we choose an arbitrary primitive embedding U ⊂ Λ K3 containing Λ ⊥ K3 [n] , then U ∩ Λ is of rank at most one and negative definite. Any period ω ∈ Ω Λ orthogonal to U ∩ Λ is of the required form, and by Remark 5.7 the monodromy orbits of such periods are dense in Ω Λ since rk Λ ∩ U ⊥ ≥ 4 provided b 2 (X) > 4. For the first claim, let Π be the orthogonal to Λ in Λ; we may assume rk Λ = 5 by the last paragraph. As rk Π > 4, we can find U ⊂ Π Q since Π has (many) isotropic vectors by a classical theorem of Meyer. The periods ω ∈ Ω Λ orthogonal to U ∩ Λ will now suffice.
The work of Bayer-Macrì [BM14] in principle provides a complete description of the singularities of Bridgeland contractions as they are all realized by wall-crossing. A Bridgeland stability condition σ 0 on a K3 surface S comes with a central charge Z 0 : H(S, Z) − → C, and we denote by Proposition 6.7. Let X be a relative Picard rank one K3 [n] -type contraction and x ∈ X a (closed) point. The analytic germ (X, x) is isomorphic to that of a Nakajima quiver variety.
Proof. By [AS15, Theorem 1.1], the statement is known for Gieseker moduli spaces X = M H 0 (v) where v is a primitive Mukai vector of a pure 1-dimensional sheaf on a K3 surface S with v 2 ≥ 2 and H 0 is a nongeneric polarization. Given a primitive sublattice H ⊂ Λ K3 associated to a relative Picard rank one contraction, we therefore only need to show that every such lattice arises from this construction up to the monodromy action. By [BM14] , every such lattice H contains v and a class a ∈ H with 0 ≤ (v, a) ≤ (v, v)/2 and (a, a) ≥ −2. Let S be a K3 surface such that The proof of Proposition 6.7 gives explicit models for every relative Picard rank one K3 [n] -type contraction among compactified Jacobians of linear systems on K3 surfaces. Knutsen, Lelli-Chiesa, and Mongardi [KLCM15] have also used compactified Jacobians to construct contractible ruled subvarieties of K3 [n] -type manifolds, and analyze the geometry more closely. Models for such contractions have further been treated by Hassett-Tschinkel [HT15] , where it is shown that every wall H can be realized on the Hilbert scheme of points for a projective K3 surface of Picard rank one. Note that we have the following simple consequence of Corollary 5.10:
Corollary 6.8. The locally trivial deformation type of a K3 [n] -type contraction X is determined by (λ, λ) and div(λ), for a primitive generator λ ∈ (π * H 2 (X, Z)) ⊥ and a symplectic resolution π : Y − → X. Corollary 6.8 and [LP15] , it would be sufficient to consider one model in each monodromy orbit, and many special cases have been established previously, see [HT15, KLCM15] . It is also not difficult to prove the following special case:
Proposition 6.10. Let π : Y − → X be a relative Picard rank one K3 [n] -type contraction, and let E ⊂ Y be an irreducible divisorial component of the exceptional locus. Then the generic fiber of the map E − → X is P 1 .
Proof. By Proposition 6.6, the contraction π is a locally trivial deformation of a Bridgeland contraction. Using [LP15, Theorem 1.1] we may assume that π is itself a Bridgeland contraction. In our special case it also follows from uniqueness of relative minimal resolutions of ADE surface singularities. So let Y = M σ + (v) be a Bridgeland moduli space on a K3 surface S and consider a wall-crossing contraction π : Y − → X associated to the rank two lattice v ∈ H ⊂ H(S, Z) alg . Let σ 0 be a generic stability condition on the wall. Note that there is at most one divisorial component to the exceptional locus of a relative Picard rank one contraction. It follows from the classification in [BM14] that there are two cases:
(1) H contains no isotropic vectors. For a spherical class s ∈ H, the spherical reflection In [Ba15] the first author classified contractions at the other extreme, namely those for which the exceptional locus contains a Lagrangian P n .
As an application, assume that Y is a symplectic 2n-fold which admits a divisorial contraction π : Y − → X of relative Picard rank one such that X has transversal A 2 singularities. We call this an A 2 -contraction. Note that while ADE singularities admit unique symplectic resolutions, in the relative Picard rank one setting the monodromy action on the set of components of the general fiber of the exceptional locus yields a group of automorphisms of the ADE graph in question acting transitively on the nodes, so only A 1 and A 2 singularities remain as possibilities. We would like to know whether an A 2 contraction exists if Y is an irreducible symplectic manifold.
Corollary 6.11. Let Y be an irreducible symplectic manifold deformation equivalent to a Hilbert scheme of n points on a K3 surface. Then Y does not admit any A 2 -contraction of relative Picard rank one.
Note that there are however examples of A 2 -contractions of relative Picard rank one of smooth and projective symplectic varieties. See e.g. [Wi03, §1.4, Example 2] for an explicit construction.
